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(ϕn)n∈Z ϕ
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(ϕ, τ) µ µ ψ ≡ e
τϕ λχ
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χ ◦ ϕ τ X χ ≡ 1 µχ τ
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h µχ σ X G
P h hλχ
σ J τϕ P h X × G
f X×G P hf
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Mh X ×G
∀(x, g) ∈ X ×G, Mhf(x, g) = P h(f/h)(x, g),
f X ×G
h h′ Mh′((x, g), .) = P h(h/h′)(x, g) Mh((x, g), .)
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•
Ehλχ [ · ] = Ehλχ [Ehλχ [ · |J]]
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λχ τϕ
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• (µx)x∈X σ τ X σ
(X,X) (X,X) x ∈ X µx σ
X A ∈ X x→ µx(A) ∈ [0,+∞] X
• (Hx)x∈X G x → Hx
X F(G)
• η : X × G +→ R∗+ x ∈ X χx(·) := η(x, ·)
Hx
• u : X ×X +→ G x ∈ X ux(.) = u(x, .)
µχ x ∈ X g ∈ G
Hτx = ϕ(x)Hx ϕ(x)
−1,
ψ(y) := ux(τy)
−1 ϕ(y) ux(y) ∈ Hx, µx−a.e. y,
τµx(dy) = χx(ψ(τ
−1y)) µx(dy),
χx(γ) = χτx(ϕ(x) γ (ϕ(x))
−1), ∀γ ∈ Hx,
ζx(y) := (ux(y))
−1 uτx(y)ϕ(x) ∈ Hx, µx−a.e. y,
µτx(dy) = c(x)χx(ζx(y))µx(dy), c(x).
Mhf(x, g) =
∫
X(
∫
Hx
f(y, ux(y) γ g) χx(γ)mHx(dγ) µx(dy)∫
X(
∫
Hx
h(y, ux(y) γ g) χx(γ)mHx(dγ) µx(dy)
.
mHx x ∈ X Hx∫
Hx∩{d(e,·)≤1}
χx(γ)mHx(dγ) = 1,
K(x, dt) := mHx(dt) (X,X) (G,BG)
λχ = µχ ⊗ (χmG)
λχ(dy, dt) =
∫
X×G
Mh((x, g), (dy, dt)) h(x, g) λχ(dx, dg).
λχ τϕ f λχ
f = P hf τϕ
H G a : X → G
Hx = a(x)H(a(x))−1 µχ x ∈ X G
χ˜x(γ) :=
χx(axγa−1x )
Mhf(x, g) =
∫
X(
∫
H f(y, ux(y) a(x) γ (a(x))
−1 g) χ˜x(γ) dγ) µx(dy)∫
X(
∫
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−1 g) χ˜x(γ) dγ) µx(dy)
.
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Mhf(x, g) =
∫
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∫
H f(y, ux(y) γ g) χ(γ) dγ) µx(dy)∫
X(
∫
H h(y, ux(y) γ g) χ(γ) dγ) µx(dy)
.
•
ϕ µχ
H G u : X → G
ψ := (u ◦ τ)−1 ϕ u µχ H τψ : (x, h) → (τx,ψ(x)h)
µχ ⊗ (χmH)
(χ ◦ u) µχ ⊗ χmH τψ
µχ⊗(χdg) Hx
H Hx = u(x)H u(x)−1
x0 ∈ X {x ∈ X : µx ∼ µx0}
µχ
(ϕ, τ) µχ τϕ
f f(x, g) = Ff((u(x))−1 g), µχ ⊗ mG Ff H
G λχ
Mhf(x, g) =
∫
X(
∫
H f(y, u(y) γ (u(x))
−1 g) χ(γ) dγ) χ(u(y)) µχ(dy)∫
X(
∫
H h(y, u(y) γ (u(x))
−1 g) χ(γ) dγ) χ(u(y)) µχ(dy)
.
Hx = u(x)H u(x)−1 χx(γ) = χ(u(x) γ u(x)−1)
ux(y) = u(y) u(x)−1 µx(dy) = χ(u(y))µχ(dy)
(ϕ, τ) µχ µχ x µx
µχ ⊗ (χmG) µχ
G µχ
µχ x ∈ X µx
1[0,β] − 1[0,β](. + r) β r
•
u (ϕn)
G G =
⋃
n Un
Kn = Un G =
⋃
n∈N Kn
K G n ∈ N K ⊂ Kn
u X × X G
K G X
XK = {x ∈ X : ux(y)Hx ⊂ K Hx, µx y ∈ X} = {x ∈ X : Supp (ux(µx)) ⊂ K Hx}.
XK x ∈ XK ⇒ τx ∈ XK (ϕ(x))−1⋃
n∈N XKn τ X µχ
µχ
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⋃
n∈N XKn
µχ u
u n ∈ N
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(x, y) ∈ X ×X +→ u(x, y)Hx ∈ F(G)
g ∈ G F ∈ F(G) +→ d(g, F ) ∈ R+
{(x, y) ∈ X × X : d(g,KHx) ≤ d(g, u(x, y)Hx)}
(gn)n∈N G
XK = {x ∈ X : ∀n ∈ N, ν(x,e)({y ∈ X : d(gn, K Hx) ≤ d(gn, u(x, y)Hx)}) = 1}.
XK
x ∈ XK ⇒ τx ∈ XK (ϕ(x))−1
K G n ∈ N K ⊂ Kn⋃
n∈N XKn τ µχ
µχ(XK) > 0 K G⋃
n∈N XKn µχ
u
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⋃
n∈N
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τ
µχ µχ µχ x ∈ X⋃
n∈N KnHx = G
⋃
n∈N XKn µχ
µχ
K G µχ(XK) > 0 u
µx µχ x ∈ X
G K G µχ(XK) > 0
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τ µχ (ϕn) µχ
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∫
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K G rK(g) := minu∈K r(ug) > 0
f X
Mh(f ⊗ r)(x, g) = c(x, g)
∫
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f(y)(
∫
Hx
r(ux(y) γ g) χx(γ)mHx(dγ)) µx(dy)
≥ c(x, g)
∫
X
f(y)(
∫
Hx
1K(ux(y)) r(ux(y) γ g) χx(γ)mHx(dγ)) µx(dy)
= c(x, g)(
∫
Hx
rK(γ g) χx(γ)mHx(dγ))
∫
X
f(y)1K(ux(y))µx(dy)
µχ(f) = λχ(f ⊗ r) ≥
∫
X
ΨK(x)
( ∫
X
f(y)1K(ux(y))µx(dy)
)
µχ(dx),
ΨK(x) :=
∫
G c(x, g) (
∫
Hx
rK(γ g)χx(γ)mHx(dγ)) h(x, g)χ(g) dg > 0
n ∈ N
µχ(f) ≥
∫
Xn
ΨKn(x)µx(f) µχ(dx)
f = 1X µx(X) < +∞ µχ x ∈ Xn µχ
x ∈ X ∪nXn X
G
x µx
(τµx)(dy) = χ(ψ(τ−1y)) µx(dy) µ˜x(dy)
µχ
τ µ˜x(dy) = χ(ϕ(τ
−1y)) µ˜x(dy).
n ∈ N
µχ(f) ≥
∫
Xn
ΦKn(x) µ˜x(f) µχ(dx),
ΦKn(x) = ΨKn(x) infu∈Kn χ(u)
B ∈ X B ⊂ Xn
ξB X ∫
1B(x)ΦKn(x) µ˜x(dy) µχ(dx) = ξB(y) µχ(dy).
ξB◦τ−1 = ξB µχ µχ τ
ξB µχ ν(B) B → ν(B) ν
(Xn, Xn ∩ X) µχ
ξ X∫
1B(x)ΦKn(x) µ˜x(dy) µχ(dx) = ν(B) µχ(dy) = (
∫
1B(x)ξ(x)µχ(dx)) µχ(dy)
µχ x ∈ Xn
ξ(x) µχ(dy) = ΦKn(x) µ˜x(dy).⋃
n∈N Xn ΦKn Φ
µχ x ∈ X
ξ(x) µχ(dy) = Φ(x) µ˜x(dy).
X0 = {x ∈ X : µ˜x(X) < +∞} x ∈ X0 µˆx
µ˜x/µ˜x(X) K G
µχ(f) ≥
∫
X0
ΦK(x)
(∫
X
f(y)1K(ux(y)) µˆx(dy)
)
µχ(dx);
ΦK(x) := ΨK(x) infu∈K χ(u) µ˜x(X)
h1 X τ
µχ({∑k≥0 h1 ◦ τk < +∞}) = 0 µχ x ∈ X0
∀n ∈ N, µˆx({
∑
k≥0
h1 ◦ τk < +∞} ∩ {ux ∈ Kn}) = 0.
n +∞
µχ x ∈ X
µˆx({
∑
k≥0
h1 ◦ τk < +∞}) = 0.
h1 µˆx x ∈ X0 µχ x ∈ X0
τ µˆx X0 X0 ∩ {x ∈ X : µˆx({∑k≥0 h1 ◦ τk < +∞}) = 0}
x ∈ X0 τ µˆx
[0, 1] ξK
ξK(y)µχ(dy) =
∫
X0
ΦK(x) 1K(ux(y)) µˆx(dy) µχ(dx) ≤
∫
X0
ΦK(x) µˆx(dy) µχ(dx).
[0, 1] ψK
ξK(y)µχ(dy) = ψK(y)
∫
X0
ΦK(x) µˆx(dy) µχ(dx).
µχ µˆx
n−1∑
k=0
T kξK(y) µχ(dy) =
∫
X0
ΦK(x)
n−1∑
k=0
T kψK(y) µˆx(dy) µχ(dx)
T
Tf(y) = f ◦ τ−1(y) χ(ϕ(τ−1y)).
τ µχ µˆx x ∈ X0
f X( n−1∑
k=0
T kf /
n−1∑
k=0
T k1
)
n∈N
µχ µχ(f) µˆx µˆx(f) x ∈ X0
L1
f∫
X
f(y)
∑n−1
k=0 T
kξK(y)∑n−1
k=0 T
k1(y)
µχ(dy) −→
n→+∞ µχ(ξK)µχ(f)
µχ x ∈ X
αn(x) =
∫
X
f(y)
∑n−1
k=0 T
kψK(y)∑n−1
k=0 T
k1(y)
µˆx(dy) −→
n→+∞
µˆx(ψK) µˆx(f).
ΦK µχ
(αn) ∫
X0
ΦK(x)αn(x)µχ(dx) −→
n→+∞
∫
X0
ΦK(x) µˆx(ψK) µˆx(f) µχ(dx).
µχ(dy) =
∫
X0
Φ̂K(x) µˆx(dy) µχ(dx),
Φ̂K(x) = ΦK(x) µˆx(ψK)/µχ(ξK)
B ∈ X B ⊂ X0
ξB
ξB(y) µχ(dy) =
∫
B
ΦˆK(x) µˆx(dy) µχ(dx).
ξB ◦ τ−1 = ξB µχ
µχ τ ξB µχ ν(B) ν
(Xn, Xn∩X) µχ
ξ X∫
1B(x)ΦˆK(x) µˆx(dy) µχ(dx) = ν(B) µχ(dy) = (
∫
B
ξ(x)µχ(dx)) µχ(dy)
µχ x ∈ X0
ξ(x) µχ(dy) = ΦˆK(x) µˆx(dy).
τ µχ
K µχ x ∈ X ϕn(x) ∈ K, n ∈ N
µχ(f) ∈]0,+∞[∑
n≥0
f(τnx)1K(ϕn(x)) =
∑
n≥0
f(τnx) = +∞, µχ .
τϕ λχ x ∈ X0 X0
µχ g ∈ G τϕ Mh((x, g), ·)
x ∈ X0 s ∈ Supp (ux(µx)) t ∈ Hx V
W s t µx y ∈ X
∑
n≥0 1V (τ
ny) 1W (ϕn(y)) = +∞
ux(τ
ny)ψn(y) = ϕn(y) ux(y) ⊂ K ux(y), µx y ∈ X,
µχ x ∈ X µx y ∈ X s t ∈ K ux(y)
s (tn) Hx µχ x ∈ X
µx y ∈ X ∀n ≥ 0, tn ∈ s−1 K ux(y) Hx ⊂ s−1 K ux(y)
G µχ x ∈ X µx y ∈ X
Supp (ux(µx)) ⊂ K ux(y)Hx µχ x ∈ X
Kx G Supp (ux(µx)) ⊂ Kx Hx K G
K ⊂ Kn n
⋃
n∈N XKn µχ
u
n ∈ N
µχ(f) ≥
∫
Xn
ΨKn(x)µx(f) µχ(dx).
[0, 1] ξ∫
Xn
ΨKn(x) µx(dy) µχ(dx) = ξ(y) µχ(dy).
x ∈ X χx
µx x ∈ X τ
ξ ◦ τ−1dτµχ/dµχ = ξ µχ
ξ µχ τ {ξ > 0} µχ τ
µχ
B ∈ X B ⊂ Xn [0, 1] ξB∫
B
ΨKn(x) µx(dy) µχ(dx) = ξB(y) ξ(y)µχ(dy).
ξB ◦ τ−1 = ξB µχ
ξB µχ ν(B) ν (Xn, Xn ∩ X)
µχ
ψ X∫
B
ΨKn(x) µx(dy) µχ(dx) = ν(B) ξ(y) µχ(dy) = (
∫
B
ψ(x)µχ(dx)) ξ(y) µχ(dy)
µχ x ∈ Xn
ψ(x) ξ(y) µχ(dy) = ΨKn(x) µx(dy).
G G ϕ
ψ
K G µ⊗mK τψ
G ϕ
(ϕn)
µ τ
µ τ X
a ∈ G ∪ {∞} (ϕ, τ) µ
V a B µ(B) > 0 n ∈ Z
µ(B ∩ τ−nB ∩ {x : ϕn(x) ∈ V }) > 0.
E(ϕ) (ϕ, τ) E(ϕ) = E(ϕ)∩G
B µ τB
B ϕB(x) := ϕn(x)(x) n(x) = nB(x) := inf{j ≥ 1 : τ jx ∈ B} x ∈ B
n ≥ 1 ϕBn (x) := ϕB(x) ϕB(τBx) · · · ϕB(τn−1B x)
a ∈ G ∪ {∞}
(ϕ, τ) B µ(B) > 0
V a µ({x : ϕBn (x) ∈ V }) > 0 n ∈ Z
τ µχ ∞ )∈ E(ϕ) ϕ
G G
E(ϕ) = {e} ϕ
∞ )∈ E(ϕ) B µχ(B) > 0 (ϕBn )n∈Z
ϕB τB
G ζB B G
ψB B G
ϕB = ζB ◦ τB ψB (ζB)−1.
(X,µχ, τ) µχ y ∈ X
x ∈ B k 0 ≤ k < nB(x) y = τkx ζ X
y = τkx 0 ≤ k < nB(x)
ζ(y) = ϕk(x) ζ
B(x) (ψ(y))−1,
ψ(y) = e k < nB(x)− 1 ψ(y) = ψB(x) k = nB(x)− 1
0 ≤ k < nB(x) − 1
k = nB(x)− 1
E(ϕ) = {e} ϕ
ψ K G
φ ψ τψ E(ψ) = {e}
K = {e}
λχ
P(ϕ) G τϕ
γ ∈ G τϕ
f f(x, γ g) = f(x, g), λχ (x, g) ∈ X ×G)
P(ϕ, µχ) P(ϕ) E(ϕ) µχ
P(ϕ) = E(ϕ)
(Y, ρ) (g, y) → g.y
G f X Y G ϕ
f (ϕ, τ) f(τx) = ϕ(x).f(x) µ
f (ϕ, τ) a.f(x) = f(x) µ − a.e. ∀a ∈
E(ϕ)
(Y, ρ)
Xf := {x ∈ X : µ({x′ ∈ X : ρ(f(x′), f(x)) < ε}) > 0, for every ε > 0}
µ f−1(suppf(µ)) x ∈ Xf a ∈ E(ϕ) ε > 0
Ex = {x′ : ρ(f(x′), f(x)) < ε} µ
a ∈ E(ϕ) ε1 > 0 x1 ∈ Ex n ∈ Z τnx1 ∈ Ex
d(a,ϕn(x1)) < ε1 d G f
ρ(a.f(x), f(x)) ≤ ρ(af(x), af(x1)) + ρ(af(x1),ϕn(x1).f(x1)) + ρ(f(τnx1), f(x)).
ε ε1 G ρ(af(x), f(x)) = 0
E(ϕ) P(ϕ)
a )∈ E(ϕ) A µ(A) > 0 V e
A ∩ τ−nA ∩ {ϕn ∈ aV V −1} = ∅, ∀n ∈ Z.
a τϕ B = ∪n∈Zτnϕ (A× V )
h G
∫
h(g)mG(dg) = 1
G Y G
ρ(f1, f2) =
∫
X inf(|f1−f2|, 1) h dmG X×G
X Y f X × G τϕ
E(ϕ) f
E(ϕ) = G λχ τϕ
γ G P(ϕ) γ Hx
µχ x ∈ X
P(ϕ) E(ϕ) H
(x, g) ∈ X ×G
c(x, g) =
(∫
X
(
∫
Hx
h(y, ux(y)γg)χx(γ)dγ)µx(dy)
)−1
.
γ ∈ P(ϕ) ⇔Mh((x, γg), ·) = Mh((x, g), ·) λχ (x, g) ∈ X ×G.
λχ (x, g) ∈ X ×G
c(x, g) µx(dy) δux(y) ∗ (χxmHx) ∗ δg = c(x, γg) µx(dy) δux(y) ∗ (χxmHx) ∗ δγg,
µx y ∈ X
c(x, g) δux(y) ∗ (χxmHx) ∗ δγ = c(x, γg) δux(y) ∗ (χxmHx).
Hxγ = Hx µχ x ∈ X
ϕ ψ ϕ
(u,µ)∼ ψ f τϕ
f˜ τψ f˜(x, g) = f(x, u(x)g)
G P(ϕ) = P(ψ)
G ϕ˜ := ϕ E(ϕ) E(ϕ˜) = {0} E(ϕ˜) = {0}
ϕ µχ E(ϕ)
E(ϕ˜) = {0}
G/E(ϕ) E(ϕ˜) = {0} ϕ
G = R E(ϕ) )= {0}
ϕ ϕ1 ϕ2
e G
E(ϕ) = {e}
ϕ Z s )∈ Q
e2piisϕ = ψ/ψ ◦ τ ψ ϕ
ϕ
τϕ
λ τϕ λ(dy, dg) =
µ(dy)N(y, dg) µ X N
y ∈ X N(y, dg) G
B G y → N(y, B)
H G u X G
ϕu(y) := (u(τy))−1 ϕ(y) u(y) ∈ H µ y ∈ X
λ˜ λ (y, g)→ (y, (u(y))−1 g) τϕu
X ×H
λ˜(dy, dh) = µ˜(dy)χ(h) dh,
χ H µ˜ σ µ
τ µ˜(dy) = χ(ϕu(τ
−1y)) µ˜(dy).
H = G u(y) ≡ e λ(dy, dg) = µ˜(dy) χ(g) dg τ µ˜(dy) = χ(ϕ(τ−1y)) µ˜(dy)
λχ
•
h X × G λχ(h) = 1
(X ×G,X× BG) hλχ
P h hλχ σ
τϕ J Mh X × G
f X ×G
∀(x, g) ∈ X ×G, Mhf(x, g) = P h(f/h)(x, g).
λχ(dy, dt) =
∫
X×G
Mh((x, g), (dy, dt)) h(x, g)λχ(dx, dg).
λχ (x, g) ∈ X ×G P h((x, g), · ) τϕ
∀A ∈ J, P h((x, g), A) = 0 1
τϕP
h((x, g), (dy, dt)) =
h ◦ τ−1ϕ (y, t)
h(y, t)
P h((x, g), (dy, dt)),
τϕM
h((x, g), (dy, dt)) = Mh((x, g), (dy, dt)).
P h((x, g), (dy, dt)) = ρ((x, g), dy) Q((x, g, y), dt),
ρ (X × G,X ⊗ BG) (X,X) Q
(X ×G×X,X⊗ BG ⊗ X) (G,B)
ν(x,g)(dy) := ρ((x, g), dy) N(x,g)(y, dt) := Q((x, g, y), dt).
(x, g) ∈ X × G ν(x,g) A ∈
X, ν(x,g)(A) = P h((x, g), A × G) {N(x,g)(y, ·) : y ∈ X}
ν(x,g)
(X ×G,X×BG, P h((x, g), ·)) U V X G ν(x,g) U
N(x,g) V U
Mh
Mh((x, g), (dy, dt)) = ρ((x, g), dy) Q˜((x, g, y), dt) = ν(x,g)(dy) N˜(x,g)(y, dt),
Q˜((x, g, y), dt) = N˜(x,g)(y, dt) = h(y, t)−1N(x,g)(y, dt) (X ×
G×X,X×BG × X) (G,BG)
f µχ X K
G ∫
X×G
[∫
X
f(y) N˜(x,g)(y,K) ν(x,g)(dy)
]
h(x, g)λχ(dx, dg)
=
∫
X×G
f(x)1K(g)λχ(dx, dg) < +∞.
λχ (x, g) ν(x,g) y N˜(x,g)(y,K) < +∞
(Kn)n≥0 G
⋃
n∈N Kn = G λχ
(x, g) ν(x,g) y ∀n ≥ 0, N˜(x,g)(y,Kn) < +∞ N˜(x,g)(y, ·)
G
P h λχ (x, g) ∈ X × G
N˜(x,g)(y, ·) : y ∈ X}
ν(x,g)
(x, g) ∈ X × G Mh((x, g), ·) τϕ
y ∈ X N˜(x,g)(y, ·) G
•
τϕ Mh((x, g), · )
Mh((x, g), (dy, dγ)) = µ˜(x,g)(dy)× [δv(x,g)(y) ∗
(
χ(x,g)(γ)mH(x,g)(dγ)
)
],
H(x,g) G χ(x,g) H(x,g) v(x,g)
X G µ˜(x,g) σ X
ν(x,g)
τϕ(µ˜(x,g))(dy) = χ(ϕv(x,g)(τ
−1y)) µ˜(x,g)(dy),
ϕv(x,g)(y) := (v(x,g)(τy))
−1 ϕ(y) v(x,g)(y) ∈ H(x,g), for µ˜(x,g) − a.e. y ∈ X.
t ∈ G f X × G Rt(f)(x, g) := f(x, g t)
t ∈ G f X ×G
λχ (x, g) ∈ X ×G
Mh(Rt(f))(x, g) = P
h(Rth/h)(x, g) M
h(f)(x, g t).
c(x,g),t
c(x,g),t = P
h(Rth/h)(x, g).
µ˜(x,g)(dy)× [δv(x,g)(y) ∗
(
χ(x,g)(γ)mH(x,g)(dγ)
)
∗ δt]
= c(x,g),t µ˜(x,gt)(dy)× [δv(x,gt)(y) ∗
(
χ(x,gt)(γ)mH(x,gt)(dγ)
)
].
σ X× BG
λχ (x, g) ∈ X ×G mG t ∈ G
Rt
(
Mh((x, g), · )
)
= P h(Rth/h)(x, g) M
h((x, g t), · )
Rg−1
(
Mh((x, g), · )
)
= P h(Rth/h)(x, g) R(g t)−1
(
Mh((x, g t), · )
)
.
λχ (x, g) ∈ X × G Mh((x, g), (dy, dt))
c(x, g)
µ˜x(dy) [δvx(y) ∗ (χx m˜Hx) ∗ δg](dt),
m˜Hx Hx m˜Hx mHx
λχ (x, g) ∈ X ×G P h(1)(x, g) = Mh(h)(x, g) = 1
(c(x, g))−1 =
∫
X
( ∫
Hx
h(y, vx(y) γ g) χx(γ) m˜Hx(dγ)
)
µ˜x(dy)
λχ (x, g) ∈ X ×G f X ×G
Mh(f)(x, g) =
∫
X
( ∫
Hx
f(y, vx(y) γ g) χx(γ) m˜Hx(dγ)
)
µ˜x(dy)∫
X
( ∫
Hx
h(y, vx(y) γ g) χx(γ) m˜Hx(dγ)
)
µ˜x(dy)
.
•
Mh
ν(x,g)(dy) = P
h((x, g), dy×G) = c(x, g)
(∫
Hx
h(y, vx(y)γg) χx(γ) m˜Hx(dγ)
)
µ˜x(dy),
N˜(x,g)(y, dt) =
(∫
Hx
h(y, vx(y)γg) χx(γ) m˜Hx(dγ)
)−1
(δvx(y) ∗ (χx m˜Hx) ∗ δg)(dt).
vx(y)Hx S(x, y) Q((x, e, y), .) = N(x,e)(y, ·)
G Hx Q̂((x, e, y), .)∗Q((x, e, y), .)
Q̂((x, e, y), .) Q((x, e, y), .)
t +→ t−1 G x ∈ X +→ Hx ∈ F(G) (x, y) ∈ X × X +→
vx(y)Hx ∈ F(G)
F G
{(x, y) ∈ X ×X : vx(y)Hx ⊂ F} = {(x, e, y) : Q((x, e, y), F c) = 0}.
u : X × X +→ G
(x, y) ∈ X ×X u(x, y) ∈ S(x, y) vx(y)Hx = u(x, y)Hx
f X ×G∫
Hx
f(y, vx(y) γ g) χx(γ)m˜Hx(dγ) = χ
−1
x ((u(x, y))
−1 vx(y))
∫
Hx
f(y, u(x, y) γ g) χx(γ)m˜Hx(dγ)
δ(u(x,y))−1 vx(y) ∗ (χxm˜Hx) = χ−1x ((u(x, y))−1 vx(y)) (χxm˜Hx),
R((x, g, y), dt) = δ(u(x,y))−1 ∗ N˜x,g(y, dt)∗ δg−1 X×X G(∫
Hx
h(y, u(x, y) γ g)χx(γ) m˜Hx(dγ)
)−1
χx(t) m˜Hx(dt).
U G e(∫
Hx
h(y, u(x, y) γ g)χx(γ) m˜Hx(dγ)
)−1 ∫
Hx∩U
χx(t) m˜Hx(dt) = R((x, g, y), U) > 0
γ ∈ Hx
χx(γ) =
R((x, e, y), γ U)
R((x, e, y), U)
,
η : X × G +→ R∗+ µχ
x ∈ X ∀γ ∈ Hx, χx(γ) = η(x, γ)
m˜Hx(dt)∫
Hx∩U χx(γ) m˜Hx(dγ)
=
R((x, e, y), dt)
R((x, e, y), t U)
X G
mHx Hx∫
Hx∩U
χx(γ)mHx(dγ) = 1.
Mh((x, g), dy, dt) = R((x, g, y), U) ν(x,g)(dy)
(
δu(x,y) ∗ (χx mHx) ∗ δg
)
(dt)
R((x, g, y), U) ν(x,g)(dy) = c(x, g)χx((u(x, y))
−1 vx(y)) (
∫
Hx∩U
χx(t) m˜Hx(dt)) µ˜x(dy).
χx((u(x, y))
−1 vx(y)) µ˜x(dy) = d(x)µx(dy)
(d(x))−1 = c(x, e) (
∫
Hx∩U
χx(t) m˜Hx(dt))
µx(dy) = R((x, e, y), U) ν(x,e)(dy).
(µx(dy))x∈X (X,X)
Mh(f)(x, g) =
∫
X
( ∫
Hx
f(y, u(x, y) γ g) χx(γ)mHx(dγ)
)
µx(dy)∫
X
( ∫
Hx
h(y, u(x, y) γ g) χx(γ)mHx(dγ)
)
µx(dy)
.
(x, g) ∈ X ×G Mh((x, g), ·)
•
τϕ(Mh((x, g), (dy, dt)) = Mh((x, g), (dy, dt))
(τµx)(dy)
(
δϕ(τ−1y) ∗ δux(τ−1y) ∗ (χx mHx) ∗ δg)(dt) = µx(dy)
(
δux(y) ∗ (χx mHx) ∗ δg
)
(dt),
ϕ(τ−1y) ux(τ−1y)Hx = ux(y)Hx, µx x ∈ X
(τµx)(dy) = χx ((ux(y))
−1 ϕ(τ−1y) ux(τ−1y)) µx(dy);
Mh((x, g), ·) = Mh(τϕ(x, g), ·) ν(x,g) = ντϕ(x,g)
ν(x,g) y ∈ X N˜(x,g)(y, ·) = N˜τϕ(x,g)(y, ·)
N˜(x,g)(y, ·) = N˜τϕ(x,g)(y, ·)
ux(y)Hx = uτx(y)Hτx ϕ(x)
ζx(y) = (ux(y))
−1 uτx(y)ϕ(x) ∈ Hx,
Hτx = ϕ(x)Hx (ϕ(x))
−1
χτx(ϕ(x) ζx(y) (ϕ(x))
−1) δuτx(y) ∗ (χτx mHτx) ∗ δϕ(x) = δux(y) ∗ (χτx(ϕ(x) · (ϕ(x))−1) mHx
m̂Hx = δϕ(x) ∗mHτx ∗ δ(ϕ(x))−1 Hx
m̂Hx = d(x)mHx d(x) x
γ ∈ Hx
χx(γ) = χτx(ϕ(x) γ (ϕ(x))
−1)
χx(ζx(y))
∫
Hτx
h(y, uτxγϕ(x)g) χτx(γ) dγ = d(x)
∫
Hx
h(y, ux(y)γg) χx(γ) dγ.
ν(x,g) = ντϕ(x,g)
µ˜τx(dy) = c(x)χx(ζx(y)) µ˜x(dy)
c(x) x
ϕux Hx σ µx
Hx
•
Hx H
a : X → G Hx = a(x)H(a(x))−1
x ∈ X a(x) H
ψ(x) := a(τx)−1 ϕ(x) a(x) H
(a(x))−1 (ux(y))−1 uτx(y) ϕ(x) a(x) ∈ H.
f
Mhf(x, g) =
∫
X(
∫
H f(y, ux(y) a(x) γ a(x)
−1g) χx(a(x) γa(x)−1) dγ) µx(dy)∫
X(
∫
H h(y, ux(y) a(x) γ a(x)
−1g) χx(a(x)γa(x)−1) dγ) µx(dy)
.
χτx(a(τx) γ a(τx)−1) = χx(a(x)(ψ(x))−1γψ(x)a(x)−1)
χ˜x(γ) := χx(a(x) γ (a(x))−1) χ˜τx(γ) = χ˜x((ψ(x))−1γψ(x))
G Hτ(x) = Hx µχ x ∈ X x ∈ X → Hx ∈
F(G)
H G Hx = H µχ x ∈ X
γ ∈ H λχ(Rγ(f)) = χ−1(γ)λχ(f) λχ (x, g) ∈ X × G
MhRγ(f)(x, g) = χ−1x (γ)M
hf(x, g) f = h
∀γ ∈ H, χ(γ) =
∫
X×G
χx(γ) h(x, g)λχ(dx, dg)
χx = χ µχ x ∈ X
λχ f
Mhf(x, g) =
∫
X(
∫
H f(y, ux(y) γ g) χ(γ) dγ) µx(dy)∫
X(
∫
H h(y, ux(y) γ g) χ(γ) dγ) µx(dy)
.
ϕ H1 G µ1⊗mH1
τϕ µ1 ⊗mH1 τϕ
ϕ µ1 ψ
H2 G u
g0 ∈ G µ1 x ∈ X
u(x)H2 = g0 H2 H1 ⊂ u(x)H2 (u(x))−1 = g0 H2 g−10 .
τψ µ2⊗mH2
µ2 ∼ µ1 τϕ g0 ∈ G
H1 u(x) = H1 g0, u(x)H2 = g0 H2 g
−1
0 H1 g0 = H2.
µ1 µ2 χ1 ◦ τϕ χ2 ◦ τψ
χ1 H1 χ2 H2
µ1 x ∈ X γ ∈ H1 χ1(γ) = χ2(g−10 γ g0)
µ1 x ∈ X χ1(u(x) g−10 ) = χ2(g−10 u(x))
µ2(dx) = χ1(u(x) g
−1
0 ) µ1(dx)
τϕ µ2⊗ (δu(x) ∗ (χ2 mH2)) µ1⊗ ((χ1 mH1) ∗ δg0)
H2 F G g ∈ G
f g(x, t) = F ((u(x))−1 t g) τϕ µ1⊗mH1
F µ1
x ∈ X g ∈ G t ∈ H1 −→ F ((u(x))−1 t u(x) g)
F (g) t = e (u(x))−1 H1 u(x) ⊂ H2
ϕ ψ H1 H2 µ1
x ∈ X (u(τx))−1 u(x) ∈ H2 u(τx)H2 = u(x)H2 (µ1, τ)
g0 ∈ G µ1 x ∈ X u(x)H2 = g0 H2
ψ µ2 ϕ x ∈ X → (u(x))−1 ∈ G
µ2 = β µ1 β X
µ1 x ∈ X
χ2(ψ(x)) =
β(x)
β(τx)
χ1(ϕ(x)).
χ2((u(τx))−1 g0)
χ2((u(x)−1 g0)
χ2((u(x))
−1 ϕ(x) u(x)) =
β(x)
β(τx)
χ1(ϕ(x)).
x ∈ X χ˜x H1 f X
χ˜x(t) =
χ2((u(x))−1 t u(x))
χ1(t)
f(x) = β(x)χ2((u(x))
−1 g0)
t ∈ H1 χ˜τx(t) = χ˜x(t) (x, t) +→
f(x)χx(t) X×H τϕ µ1⊗mH1
µ1 x ∈ X
− t ∈ H1 χ2((u(x))−1 t u(x)) = χ1(t)
− β(x) χ2(g−10 u(x)) =
χ1(u(x) g
−1
0 )
µx(dy)⊗
(
δux(y)∗(χx mHx)
)
(dt) µx′(dy)⊗
(
δux′(y)∗(χx′ mHx′ )
)
(dt)
λχ
µx µx′ X
gx′,x ∈ G g ∈ G
µx′(dy)⊗
(
δux′ (y) ∗ (χx′ mHx′ )
)
= µx(dy)⊗
(
δux(y) ∗ (χx mHx)
)
∗ δgx′,x .
P h((x, g), .) = P h((x′, gx′,x g), .)
G ϕ u X G ϕu
ϕu(y) := (u(τy))−1 ϕ(y) u(y), ∀y ∈ X
ϕux ϕux′ Hx Hx′
µχx ⊗ (χx mHx) µx′ ⊗ (χx′ mHx′ ) τϕux τϕux′
ϕux′
(ux)−1 ux′∼ ϕux
x0 ∈ X x ∈ X µx
µx0 gx ∈ G P h((x, e), ·) = P h((x0, e), ·) ∗ δgx
ν(x,e) = ν(x0,e)
ν(x,e) = ν(x0,e) µx µx0
σ X × B(G) A
{x ∈ X : µx ∼ µx0} = {x ∈ X : ν(x,e) = ν(x0,e)} = {x ∈ X : ∀A ∈ A, ν(x,e)(A) = ν(x0,e)(A)}
{x ∈ X : µx ∼ µx0} x ∈ X µx ∼ µτx
τ µχ
τψ f
µχ⊗mH F (g) := ‖f(·, · g)‖L∞(X×H,µχ⊗mH) H
G g ∈ G
f(x, γ g) = F (g), µχ ⊗mH (x, γ) ∈ X ×H.
f τϕ
f˜(x, g) = f(x, u(x) g) τψ
θu X × G ∀(x, g) ∈ X ×
G, θu(x, g) = (x, u(x)g) f X×G τϕ
f ◦θu τψ J = Jϕ σ τϕ X×G
θu Jϕ σ Jψ τψ X × G
f X×G λχ (x, g) ∈ X×G
Ehλχ[f |Jϕ](x, g) =
Ehλχ
[
f ◦ θu h◦θuh χ ◦ u|Jψ
]
◦ θu(x, g)
Ehλχ
[
h◦θu
h χ ◦ u|Jψ
]
◦ θu(x, g)
.
τψ µχ ⊗mH
f λχ (x, g) ∈ X ×G
Ehλχ [f |Jψ]x, g) =
∫
X×H f(y, γ g) h(y, γ g) dγ µχ(dy)∫
X×H h(y, γ g) dγ µχ(dy)
.
Mhf(x, g) = Ehλχ [h f |Jϕ](x, g)
=
∫
X
∫
H f(y, u(y) γ (u(x))
−1 g)χ(u(y)) dγ µχ(dy)∫
X
∫
H h(y, u(y) γ (u(x))
−1 g)χ(u(y)) dγ µχ(dy)
.
x µx ∼ µχ
µχ u H
H
µx, x ∈
X µχ x µx
µχ
Hτx = ϕ(x) Hx (ϕ(x))−1
Hx
Hτx = ϕ(x) Hx (ϕ(x))
−1, for µχ−a.e. x ∈ X.
G Hx
H
G (Hx)
µ µ σ
τ H
x→ a(x) X G µχ x ∈ X
Hx = a(x) H a(x)
−1.
F(G) G
x ∈ X −→ Hx ∈ F(G) F ∈ F(G)
{x ∈ X : {gHxg−1 : g ∈ G} ⊂ F} = {x ∈ X : Hx ⊂
⋂
g∈G
g−1Fg}.
x ∈ X −→ {gHxg−1 : g ∈ G} ∈ F(G)
g G ad g (X, Y ) ∈
g2, adX (Y ) = [X, Y ] exp : g −→ G Ad
G g
g expX g−1 = exp(Adg(X)), ∀g ∈ G, ∀X ∈ g,
Ad(expY ) = Exp(adY ) =
∑
k∈N
(adY )k
k!
, ∀Y ∈ g.
G
µ x ∈ X
{gHxg−1 : g ∈ G} = {gHτxg−1 : g ∈ G}.
F(G)
H G µ x ∈ X
{gHxg−1 : g ∈ G} = {gHg−1 : g ∈ G}.
{gHxg−1 : g ∈ G} {gHg−1 : g ∈ G} {gHg−1 : g ∈ G}
G
G
f : G˜ −→ G G G˜
H G H˜ = f−1(H) G˜
G H f G˜ H˜
H
G G {gHg−1 : g ∈ G} H
exp
Σ = {1, . . . , dim(g)} p ∈ Σ Vp =
∧
p g
(Vp) pip Vp \ {0}
(Vp)
p v g uv = pip(u1 ∧ · · ·∧ up)
(Vp) (u1, . . . , up) v Dp (Vp)
p g
⋃
p∈ΣDp
(un)n∈N x
N ∈ N r ∈ Σ n ≥ N un ∈ Dr
(un)n≥N x Dr
(Vp)
(vn) g
(uvn)n∈N
⋃
p∈ΣDp v −→ uv
g
⋃
p∈ΣDp
H G h = exp−1(H) G {g H g−1 :
g ∈ G} H ∧p AdG uh
G
G R C2
(t, z1, z2) ∗ (t′, z′1, z′2) = (t + t′, z1 + e2piitz′1, z2 + e2piθitz′2),
θ
G (0, z1, z2) a = (s, v1, v2)
(s, v1, v2)(0, z1, z2)(s, v1, v2)
−1 = (0, e2piisz1, e2piθisz2).
(τ : x → x + α 1)
X = R/Z Φ : X → G Φ(x) = (ϕ(x), 0, 0) ϕ
Z
Hx := {(0, vz1, ve2piiψ(x)z2), v ∈ R} ψ z1 z2
x → Hx
G
Hτx = Φ(x) Hx (Φ(x))
−1,
ϕ
θ ϕ(x) + ψ(x) = ψ(τx) 1.
α β r
ϕ := 1[0,β] − 1[0,β](. + r)
s e2piis(1[0,β]−1[0,β](.+r))
θ s ψ
e2piiθϕ = e2pii(ψ◦τ−ψ)
β, r, θ,ψ H
Hx = a(x)Ha(x)−1 a
H a : X → G
Hx = a(x)Ha(x)−1
t X
{(0, ve2piit(x)z1, ve2pii(θt(x)+ψ(x))z2), v ∈ R}
x t ψ + θt
θ(ϕ(x) − t(x) + t(τx)) = θϕ(x) + ψ(x) − ψ(τx) 1 = 0 ϕ t − t ◦ τ
θ ϕ = t ◦ τ − t
ϕ
1[0,β]−1[0,β](.+r))
(ϕn)n∈Z n
τnϕ (ϕn)
τϕ
ϕ R (ϕn)n∈Z µ(ϕ) = 0
G (X,µ, τ)
(ϕ, τ) G (X×G, µ⊗mG, τϕ)
τϕ E
(τ−kϕ E, k ∈ Z)
µ⊗mG
(ϕn) µ
µ x (ϕn) µx
E E h > 0
G
∫
h dg = 1
∑
k∈Z h(ϕk(x)g) µ⊗mG
(x, g) ∫
E
∑
k∈Z
h(ϕk(x)g) dµ(x) dg =
∫
E
h(g) (
∑
k∈Z
1E(x, (ϕk(x))
−1g)) dg dµ(x)
=
∫
E
h(g) (
∑
k∈Z
1E(τ
−kx, (ϕk(τ−kx))−1g)) dµ(x) dg =
∫
h(g) dg = 1.
h˜(x, g) :=
∑
k∈Z h(ϕk(x)g) τϕ µ⊗mG
(x, g)
Hx {e}
λ(x,g)(f) =
∑
k∈Z f(τ
kx,ϕk(x)g)
ϕ σ µ˜x(dy) :=
∑
k∈Z δτkx(dy)
ux(y)ϕ(y) (ux(τy))−1 = e ux(y) := ϕk(x) y = τkx
µ(dx)× dg∫
X
∫
G
f(x, g)dµ(x) dg =
∫
X
∫
G
[
(h˜(x, g))−1
∑
k∈Z
f(τkx,ϕk(x)g)
]
h(g) dµ(x) dg.
(ϕ, τ)
ϕ
Rd
µχ
ϕ χ
R τ µχ
d(τµχ)/dµχ = χ ◦ ϕ λχ X × G
Γ
Γ = Z
Γ
σ
G F(G) G
U(O, C) = {S ∈ F(G) : ∀U ∈ O, S ∩ U )= ∅ S ∩ C = ∅},
O G C G
{S ∈ F(G) : S ⊆
F} F ∈ F(G)
t → Ft (T, T ) F(G)
f T G f(t) ∈ Ft t ∈ T
K G Ft ⊂ K t ∈ R ⊂ T R
T
n ≥ 1 (Kn,i, i ∈ In)
diameter(Kn,i) <
1
n K ⊂ ∪j∈In+1Kn+1,j
C G {t : Ft ∩ C )= ∅}
{t : Ft ⊂ G \ Un} Un C
n j {t : Ft ∩Kn,j )= ∅}
in(t) in(t) = inf{j ∈ In : Ft ∩Kn,j )= ∅} t→ Kn,in(t)
f(t) t ∈ R
f(t) :=
⋂
n≥1
Kn,in(t).
f(t)
t ∈ T
f {t ∈ T : f(t) ∈ C}
C G (Ok)
Ok+1 ⊂ Ok+1 ⊂ Ok k C =
⋂
k Ok
(f(t) ∈ C)⇔ (
⋂
n≥1
Kn,in(t) ⊂ Ok, ∀k ≥ 1) ⇔ (
⋂
n≥1
Kn,in(t) ⊂ Ok, ∀k ≥ 1).
{t ∈ T : Kn,in(t) ⊂ Ok} k
f
K G t→ Ft∩K (F,K) → F ∩K
F(G) K Kj
G G =
⋃
j Kj
f(t) t → Ft ∩ K1
{t : Ft ∩K1 )= ∅} t → Ft ∩K2 {t : Ft ∩K2 )= ∅} ∩ {t :
Ft ∩K1 = ∅}
P (E,F) h∫
h dP = 1 σ B F
hP f
EhP[f |B] = EP[fh|B]/EP[h|B], P−a.e..
θ E θP ∼ P
P f
EP[f |B] = EP
[(dθP
dP
)−1 ◦ θ|B] EP[f ◦ θ−1 dθP
dP |θB
]
◦ θ =
EP
[
f ◦ θ−1 dθPdP |θB
]
◦ θ
EP
[
dθP
dP |θB
]
◦ θ
.
P = hλ λ σ θ B = J σ θ
E
Ehλ(f ◦ θ|J) = Ehλ(f h ◦ θ
−1
h
|J).
B ψ∫
EP[f ◦ θ|B] ψ dP =
∫
E
f ◦ θ ψ dP =
∫
E
f ψ ◦ θ−1 dθP
dP dP
=
∫
E
EP
[
f
dθP
dP |θB
]
ψ ◦ θ−1 dP =
∫
E
dθ−1P
dP EP
[
f
dθP
dP |θB
]
◦ θ ψ dP
=
∫
E
EP
[dθ−1P
dP |B
]
EP
[
f
dθP
dP |θB
]
◦ θ ψ dP,
EP(f ◦ θ|B) = EP
[dθ−1P
dP |B
]
EP
[dθP
dP f |θB
]
◦ θ.
(E,F ,P) B σ F
B P P E ×F [0, 1]
i) x ∈ E P (x, ·) F
ii) A ∈ F x ∈ E −→ P (x,A)
1A σ B B
B ϕ∫
E
1A(x)ϕ(x)P(dx) =
∫
E
P (x,A)ϕ(x)P(dx).
F f Pf Pf(x) :=∫
E f(y)P (x, dy) f B
(E,F ,P) F
σ B F
B
(X ×G,X× BG) hλ X ×G
h > 0 X × G ∫ h(x, g) µχ(dx) χ(g)mG(dg) = 1 σ
J τϕ
P h
P h((x, g), · ) τϕ
τ X
P h((x, g), · )
θ
(E,F) µ σ θ J := {B ∈ F : θ−1B = B}
h E h(x) > 0 µ(h) = 1 P h
hµ σ J
θ
Th L1(E,F , h µ)
θ L∞(E,F , µ)
Thf(x) = f ◦ θ−1(x) d(θ(hµ))
d(hµ)
(x) = T (hf)(x).
θ θ−1 T−1h
f ∈ L1(E,F , hµ) µ x ∈ E
n∑
k=−n
T kh f(x)/
n∑
k=−n
T kh 1(x) −→n→+∞ Ehµ[f |J](x).
Th
(
n∑
k=0
T kh f(x)/
n∑
k=0
T kh 1(x))n≥1
µ T−1h
C Ehµ[f |J](x)
C
lim
n→+∞
(
n∑
k=−n
T kh f/
n∑
k=−n
T kh 1) = Ehµ[f |J], µ−a.e..
D j, k Z
T jhf ◦ θk = T j−kh f
d(hµ)
d(θ−k(hµ))
=
T j−kh f
T−kh 1
.
D θ
θ ϕ C∫
E
∑
k∈Z T
k
h f∑
j∈Z T
j
h1
ϕ d(hµ) =
∑
k∈Z
∫
E
T kh f∑
j∈Z T
j
h1
ϕ d(hµ) =
∑
k∈Z
∫
E
f ϕ∑
j∈Z T
j
h1 ◦ θk
d(hµ)
=
∑
k∈Z
∫
E
f ϕ∑
j∈Z T
j
h1
T−kh 1 d(hµ) =
∫
E
f ϕ d(hµ).
D Ehµ[f |J]
µ x ∈ E θP h(x, ·)
P h(x, ·)
d(θP h(x, ·))
dP h(x, ·) =
d(θ(hµ))
d(hµ)
=
h ◦ θ−1
h
d(θµ)
dµ
.
F f J ϕ∫
E
f ◦ θ ϕ d(hµ) =
∫
E
f ◦ θ ϕ ◦ θ d(hµ) =
∫
E
f ϕ
d(θ(hµ))
d(hµ)
d(hµ).
µ
θ(P h)(f) = P h(f ◦ θ) = Ehµ[f ◦ θ|J] = Ehµ[f d(θ(hµ))
d(hµ)
|J] = P h(f d(θ(hµ))
d(hµ)
).
x ∈ E Th L1(E,F , P h(x, ·))
x ∈ E Th
L1(E,F , P h(x, ·)) f ∈ L1(E,F , P h(x, ·)) P h(x, ·) y ∈ E
n∑
k=−n
T kh f(y)/
n∑
k=−n
T kh 1(y) −→
n→+∞
EPh(x,·)[f |J](y).
µ
µ(dy) =
∫
E
(h(.))−1 P h(x, ·) h(x)µ(dx).
P h(x, ·)
µ x ∈ E
f ∈ L1(E,F , hµ) µ
x ∈ E
n∑
k=−n
T kh f(y)/
n∑
k=−n
T kh 1(y) −→n→+∞ Ehµ[f |J](y) = P
hf(y), for P (x, .)−a.e. y ∈ E.
g = P hf g2 = (P hf)2 J P h
µ P hg(x) = g(x) P hg2(x) = g2(x) µ x ∈ E
g(y) = g(x) P (x, .) y ∈ E
F0 F x ∈ E Qhx
P h(x, .) σ J
µ x ∈ E P h(x, .)
y ∈ E
∀A ∈ F0, Qhx(y, A) = P h(x,A)
µ x ∈ E P h(x, .) y ∈ E
A ∈ F
I ∈ J
Qhx(y, I) = EPh(x,.)[1I |J](y) = 1I(y), for P (x, .)−a.e. y ∈ E
Qhx(y, I) = 1I(x), for P (x, .)−a.e. y ∈ E.
µ x ∈ E
∀I ∈ J, P h(x, I) = Qhx(y, I) = 1I(y), for P (x, .)−a.e. y ∈ E.
P h(x, .) µ x
Z

